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On the Geometry of Baer Subplanes in P G(2, 4)
HARALD GOTTSCHALK
Let C be an L3(4)-orbit of Baer subplanes in PG(2, 4). We define a graph 0 on C where two
subplanes are called adjacent if their intersection contains only one point. We determine 0 and the
action of L3(4) is analysed in detail. It is shown that 0 is the collinearity graph of the geometry (101)
of Buekenhout with the diagram
◦ ◦ ◦10 7 9
1 2 1
We also give a detailed construction of this geometry. Moreover, we prove that, if L3(4) or L3(4) : 21
are automorphism groups, this geometry is determined up to isomorphism by its diagram.
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1. INTRODUCTION
Let P = PG(2, 4) be the (unique) projective plane of order four and let G ≤ AutP with
G ' L3(4). Let B be the set of all Baer subplanes in P , i.e., sets of seven points and seven
lines whose induced incidence structure is isomorphic to PG(2, 2). The relation
B ∼ B′ if and only if |B ∩ B′| is odd
is an equivalence relation on B. The equivalence classes are also orbits of the action of G on
B (see, e.g., [12]). Let C be one of these classes. Then we prove the following theorem.
THEOREM 1.1. Let 0 be the graph defined as follows. The vertices of 0 are the Baer
subplanes of P in one orbit C of G. Two subplanes are said to be adjacent if their intersection
contains a single point. Then G is a flag-transitive automorphism group of 0. If B is a vertex
of 0, the group GB has orbits of size one, 42, 21 and 56, respectively. Denote by 0(x;B) the
GB-orbit of size x on C. Then we have the following parameters in 0:
(a) d(0) = 2,
(b) 0(B) = 0(42;B),
(c) for B′ ∈ 0(B) we have |0(B,B′)| = 8, |0(B′) ∩ 0(21;B)| = 9 and |0(B′) ∩
0(56;B)| = 24,
(d) for B′ ∈ 0(21;B) we have |0(B′)∩0(B)| = 18, |0(B′)∩0(21;B)| = 8 and |0(B′)∩
0(56;B)| = 16,
(e) for B′ ∈ 0(56;B) we have |0(B′)∩0(B)| = 18, |0(B′)∩0(21;B)| = 6 and |0(B′)∩
0(56;B)| = 18.
In [6], F. Buekenhout constructs a geometry G with the following diagram D:
◦ ◦ ◦10 7 9
1 2 1
The groups G and A ' L3(4) : 2 (G extended by a unitary polarity) act flag-transitively on
G. We show the following theorem.
THEOREM 1.2. Let G and G′ be two geometries with diagram D such that the groups G or
A act as flag-transitive automorphism groups on G and G′. If G and G′ have 120 points, then
G ' G′. Moreover, 0 is isomorphic to the collinearity graph of G.
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The paper is organized as follows. In the next section, we recall basic facts on hyperovals,
Baer subplanes, unitals and the Gewirtz graph further needed. For basic definitions on ge-
ometries and diagrams see [7]. In the third section, we define certain sets of Baer subplanes
in P called butterflies. These butterflies are used in the fourth section to determine param-
eters of the graph 0. In the fifth section, we prove some uniqueness results on the Coxeter
graph for PGL2(7). The dual of that graph occurs as a residue in the rank three geometry
G(0) constructed in the sixth section. We also show that any geometry G fulfilling the proper-
ties in Theorem 1.2 is isomorphic to G(0). In the final section, we settle the remaining open
questions in [6] on the geometry G(0).
2. BAER SUBPLANES, HYPEROVALS AND UNITALS
2.1. Hyperovals. Let P = PG(2, q) be the desarguesian projective plane over G F(q). A
setO of q + 1 points in P is called an oval if no three points inO are collinear. By definition,
there is exactly one tangent t of O (i.e., a line t with |O ∩ t | = 1) through every point of O.
If q is odd, then O is maximal: for every point p ∈ P −O, the set {p} ∪O contains three
collinear points. If q is even, then all tangents of O meet at a point p, the nucleus of O. Then
the setH := {p}∪O is also a set in which no three points are collinear. We callH a hyperoval
in P . Moreover,H is maximal in the above sense. By construction, |l ∩H| ∈ {0, 2} for every
line l of P .
Let nowP = PG(2, 4) and G ' L3(4). ThenP has hyperovals. Each hyperovalH consists
of six points and there are 15 lines meetingH in two points and six meeting in no points. These
six lines form a hyperoval of the dual projective plane. IfQ is a quadrangle in P , then there is
a unique hyperoval throughQ (see, e.g., [16]). Therefore, the group PGL3(4) acts transitively
on the set of all 168 hyperovals in P . According to [12], G has three orbits of size 56 on that
set. These orbits can be characterized as classes of the following equivalence relation:
H1 ∼ H2 :⇔ |H1 ∩H2| is even.
Let G be the group L3(4). Then, for a hyperoval H in P , we have GH ' A6 and GH is
a maximal subgroup of G. According to [9], there exists a unitary polarity i of P such that
〈GH, i〉 ' M10, containing only one subgroup A6. Therefore, i mapsH to the dual hyperoval
consisting of the six lines passingH.
2.2. Baer subplanes. An involution i ∈ P0L3(q2)−PGL3(q2) is called a Baer involution.
The set of fixed points and lines of i forms a subplane of P = PG(2, q2) (with the induced
incidence relation) isomorphic to PG(2, q), called a Baer subplane of P . If H denotes the
group L3(q2), then HB ' L3(q) for a Baer subplane B.
If B is a Baer subplane of P , then every line of P meets B either in one or q + 1 points. We
call the lines l with |l ∩ B| = q + 1 B-lines. If B and B′ are two Baer subplanes of P , and l
is a line of P such that l is a B-line and a B′-line, then we say that l is a line in B ∩ B′. This
does not imply |B ∩ B′ ∩ l| = q + 1, and the following theorem holds.
THEOREM 2.1 ([2, 17]). For any two Baer subplanes B and B′ of PG(2, q2) the intersec-
tion B ∩ B′ contains as many points as lines.
Let now Q be a quadrangle in P . Then there is a unique Baer subplane through Q. Thus,
PGL3(q2) acts transitively on the set of all Baer subplanes.
IfQ is a quadrangle inP = PG(2, 4), then the Baer subplane throughQ can be constructed
as follows: denote by D the set of the three diagonal points of Q (i.e., the intersection of
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opposite ‘edges’ and the ‘diagonals’ of Q). By Fano’s theorem, the three points in D are
collinear. Therefore,Q∪D is a Baer subplane. By construction, if l denotes theP-line through
the points in D, then D¯ ∪ Q, with D¯ := l − D, is a hyperoval. Thus, the set of all 360 Baer
subplanes in P splits into three orbits of size 120 under the action of G. According to [16], the
orbits can also be characterized as classes of an equivalence relation, namely the following:
B1 ∼ B2 :⇔ |B1 ∩ B2| is odd.
Let now C be one of these equivalence classes, then it is shown in [11], using certain results
of [16] and [15], that there are exactly 42 members of C intersecting a given subplane B ∈ C
in a single point, 21 intersect B in three collinear points and 56 in a triangle.
According to [9], there exists a unitary polarity i of P with 〈GB, i〉 ' PGL2(7), so i |B is
a polarity of B.
2.3. Unitals. Again P = PG(2, q2) denotes the desarguesian plane over G F(q2). Let U
be a set of q3 + 1 points of P such that U does not contain a full line. If every line meets U
either in one or q + 1 points, U is called a unital in P .
Denote by [x, y, z] the homogenous coordinates of the points of P . Then the absolute points
of the equation xxq + yyq + zzq = 0 form a unital.
By construction, U , together with the lines meeting U in q+1 points, is an S(2, q+1, q3+1)
Steiner system. Therefore, if U is a unital in P = PG(2, 4), then U is also an S(2, 3, 9),
hence, U is isomorphic to AG(2, 3). If G ' L3(4), we have GU ' Z23 : Q8 and GU is
maximal in G.
According to [1], a unital in P can be constructed as follows: letH be a hyperoval in P and
let D be a triangle on H. Then the nine points on the ‘edges’ of D outside H form a unital
U . Thus, D belongs to a parallel class of U . Let D′ := H − D. Then D′ belongs to another
parallel class of the same unital U . Moreover, the set H′ := P − (H ∪ U) is a hyperoval
which splits uniquely into two triangles determined by the two remaining parallel classes of
U .
Conversely, if U is a unital in P , its parallel classes determine four triangles in its comple-
ment. The choice of each pair of these triangles forms a hyperoval [16]. It is shown in [14],
that the 12 points in the complement of U and its tangents with the natural incidence form
a dual affine plane of order three. We have that GU ' Z23 : Q8, which centralizes a unitary
polarity i of P (see, e.g., [9]). Therefore, i maps U to its complement. Since i is unitary, its
absolute points are the points of U . Thus, qi is the (unique) tangent of U through q for any
point q of U .
2.4. The Gewirtz graph. Let 6 be the (unique) strongly regular graph S R(56, 10, 0, 2).
The uniqueness of this graph, the so-called Gewirtz graph, has been shown, e.g., in [4]. Then
6 can be constructed as follows. Choose a G-orbit of hyperovals as vertices and define two
hyperovals to be adjacent if and only if they are disjoint. By the previous subsection, it is
clear that the edges of 6 correspond to the unitals of P . Moreover, it is shown in [4] that
Aut6 ' L3(4) : 22, which is G extended by a Baer involution and a polarity.
3. BUTTERFLIES IN PG(2, 4)
Let B1 and B2 be two Baer subplanes in P intersecting at three collinear points. Denote by
z the line in B1 ∩ B2 containing all points of B1 ∩ B2.
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LEMMA 3.1. GB1,B2 ' D8.
PROOF. Clearly, we have zGB1,B2 = {z}. Thus, GB1,B2 is isomorphic to a subgroup of
S4. Since there are exactly 21 subplanes intersecting B1 in three collinear points, we have
|GB1,B2 | ≥ 8. Assume that x ∈ GB1,B2 with o(x) = 3. Let z 6= z′ be a line in B1 ∩ B2. Then
z′ contains at least one point of B1 ∩ B2. Since 〈x〉 acts transitively on z ∩ B1 = z ∩ B2,
B1 ∩ B2 contains at least four lines contradicting Theorem 2.1. 2
COROLLARY 3.2. GB acts transitively on the Baer subplanes intersecting B in three
collinear points.
B1 and B2 are also Baer subplanes of the dual plane intersecting in three lines. Since the
three points in B1 ∩ B2 are collinear, the three lines in B1 ∩ B2 are concurrent and we hold
the following corollary.
COROLLARY 3.3. There is a unique point p in B1 ∩ B2 such that all three lines of B1 ∩ B2
contain p. The remaining lines through p are tangents of both B1 and B2.
LEMMA 3.4. There is one and only one pair of Baer subplanes (B′1,B′2) with the following
properties:
(a) B′1 ∩ B′2 contains three collinear points,(b) p ∈ B′1 ∩ B′2 and z contains all three points in B′1 ∩ B′2,(c) Bi ∩ B′j = {p}, i, j ∈ {1, 2}.
Where p (resp. z) is the unique point (resp. line) in B1 ∩ B2.
PROOF. Denote by Hi the (unique) hyperoval through Bi − z. Then H1 ∩ H2 consists of
the two points of z not in B1 ∩ B2. By [10], there exists a unique pair (H′1,H′2) of hyperovals
with the following properties:
(a) |H′1 ∩ H′2| = 2,(b) Hi ∩ H′j = ∅, i, j ∈ {1, 2}.
Denote by t1 and t2 the two common tangents of B1 and B2 through p. Then ti ∩ H j = ∅. The
set {H1,H2,H′1,H′2} covers 20 points of P . Assume p ∈ H′1. Denote by p′ the point outside{H1,H2,H′1,H′2}. Then p′ ∈ t1. Thus, t2 ⊂ H′1 ∪ H′2, which is a contradiction. Therefore,
p /∈ H′i . Together with |P − (H1 ∪ H2)| = 11, this yields H′i ∩ B j 6= ∅ and, therefore,
by [16], |H′i ∩ B j | = 2. Moreover, H′i ∩ B j ⊂ z, thus, H′1 ∩ B j = H′2 ∩ B j andH′1 ∩ H′2 consists of the two points in B1 ∩ B2 different from p. Let Q′i be the quadrangleH′i − z = H′i − (H′1 ∩ H′2). Then Q′i defines a (unique) Baer subplane B′i . By construction,
the pair (B′1,B′2) has the desired properties. 2
DEFINITION 3.5. The set S = {B1,B2,B′1,B′2} is called a butterfly S in P and (p, z) is
called the central pair of S. The setW = {Bi ,B′j } (i, j ∈ {1, 2}) is said to be a wing of S.
By construction, a butterfly S is uniquely determined by one of the following data:
• B1 and B2,
• B1 and B′1 or• B1 and (p, z).
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LEMMA 3.6. If C is a class (G-orbit) of Baer subplanes in P , then C defines exactly
2520 wings and 630 butterflies.
PROOF. LetW be the set of all wings, S that of all butterflies defined byC and B ∈ C. Since
there are 42 members of C intersecting B at a single point, we have |W| = 120·422 = 2520.
A butterfly S has exactly four wings, so |S| = 25204 = 630, since any wing defines a unique
butterfly. 2
LEMMA 3.7. LetW be a wing, then GW ' Q8.
PROOF. Let W = {B,B′} and let z be the unique line in B ∩ B′. Let Q = B − z and
Q′ = B′ − z. Then Q and Q′ define two disjoint hyperovals H and H′. Therefore, GW ≤
GH∪H′ ' Z23 : Q8. If p denotes the single point in B ∩ B′, then GW ≤ G p,z ' Z42 : A4.
Hence, GW is isomorphic to a subgroup of S3 or Q8. By the previous lemma, |W| = 2520,
so |GW | ≥ 8. Thus, GW ' Q8. 2
LEMMA 3.8. Let B ∈ C and let W = {B,B′} be a wing through B. Then GB,W ' Z4.
Moreover, GB is transitive on the wings through B.
PROOF. By the previous lemma, GB,W is a subgroup of Q8. Since GW interchanges the
hyperovalsH andH′ constructed as above, it interchanges B and B′. Thus, GB,W ' Z4. 2
4. DETERMINATION OF THE PARAMETERS OF 0
Let C be an orbit of Baer subplanes of G ' L3(4) in P = PG(2, 4). We define 0 to be
the following graph: the vertices of 0 are the members of C where two subplanes B and B′
are called adjacent if their intersection contains a single point. By this definition, the edges
of 0 correspond to the wings of butterflies defined by the subplanes in C. We determine the
parameters of 0.
LEMMA 4.1. GB has four orbits of size one, 42, 21 and 56, respectively, on the vertices
of 0.
PROOF. By Corollary 3.2, GB acts transitively on the members of C intersecting B in three
collinear points, giving an orbit of size 21. Lemma 3.8 shows that GB is transitive in the
neighbourhood of B in 0 yielding an orbit of size 42. Let now B and B′ intersect in a triangle
D. The transitivity of GB on the triangles in B yields two members of C intersecting B in
D. By Theorem 2.1, B and B′ share three lines, namely the three ‘edges’ of D. Since B has
28 triangles, we hold that GB,D ' S3. Let i ∈ GB,D fix an edge l of D. Then i fixes the
remaining point p in (B − D) ∩ l. Hence, i ∈ G p ∩ Gl ' Z24 : A4. As i interchanges
the two points q and q ′ of D on l, it interchanges the two points in l − {p, q, q ′}. Therefore,
i /∈ GB,B′ ' Z3. Trivially, {B} is an orbit of GB and the lemma is proved. 2
Denote by 0(x;B) the GB-orbit of size x on C. Then 0(B) = 0(42;B). 0(21;B) contains
exactly the subplanes intersecting B in three collinear points, 0(56;B) those intersecting B in
a triangle.
LEMMA 4.2. d(0) = 2.
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PROOF. Since GB is maximal in G, 0 is connected. Let B and B′ intersect in three collinear
points. Then B and B′ define a butterfly S, thus, |0(B,B′)| = 2.
Let B and B′ intersect in a triangle D = {p1, p2, p3}. Since 0 is connected and GB is tran-
sitive on the members of C intersecting B in three collinear points and on those intersecting B
in a triangle, we hold d(B,B′) ∈ {2, 3}. Assume that d(B,B′) = 3. Then there exists a path
B ∼ B1 ∼ B2 ∼ B′, where B and B2 intersect in three collinear points and |B′ ∩ B1| = 3.
Again, by the transitivity of GB′ on all subplanes in C intersecting B′ in a triangle, B′ ∩ B1
consists of three collinear points. Also, B and B2 define a butterfly S with central pair (p, z).
Then w.l.o.g., B1 also belongs to S, thus B ∩ B1 = {p} = B1 ∩ B2. By Theorem 2.1,
B ∩ B′ consists of three lines, the three ‘edges’ of D. Set {qi } := (p j pl ∩ B′) − B and
{i, j, l} = {1, 2, 3}. Then q1, q2 and q3 are three collinear points. If p ∈ D, then two of the
three edges belong to B′ and to B2, so |B′ ∩ B2| ≥ 2, a contradiction. Therefore, p /∈ D
and, consequently, p /∈ B′. Thus, B′ ∩ B1 ∩ B2 = ∅, and, since {q1, q2, q3} is the only line
of B′ in the complement of D, B′ ∩ B1 = {q1, q2, q3}. Clearly, q1q2 is not a B-line, thus,
q1q2 6= z. Let B′1 be the fourth subplane in S. Then again we hold B′ ∩ B′1 = {q1, q2, q3}.
But B1 ∩ B′1 ⊂ z, which is a contradiction. 2
LEMMA 4.3. Let B′ ∈ 0(21;B). Then |0(B,B′)| = 18 and therefore |0(B′′) ∩ 0(21;B)|
= 9 for any B′′ ∈ 0(B). Moreover, 0(B,B′) splits into three G-orbits of size two, eight and
eight.
PROOF. Since B and B′ intersect in three collinear points, they define a butterly S with
central pair (p, z). Set B ∩ B′ = {p, p1, p2}. LetN be a neighbour of B with B ∩ N = {p}.
Then N ∈ 0(B′) if and only if N belongs to S. By Lemma 3.8, |GB,B′,N | = 4, so N is not
fixed by GB,B′ and we hold a G-orbit of size two by Lemma 3.1.
IfN ∈ 0(B) with p1 ∈ N ∩ B, thenN and B′ share the two B-tangents throughN ∩ B,
thus, N /∈ 0(B′).
Let now q ∈ B− z. Then there are six neighbours of B through q such that any B-line is in
two of them. Set gi := pi q for i = 1, 2. Then li := q ∪ (gi −B) defines two neighboursNi,1
and Ni,2 of B through q . Furthermore, we have li ∩ B′ = ∅. We shall see that Ni, j ∈ 0(B′).
Clearly, we have |Ni, j ∩ B′| ≥ 1. Now Ni, j contains the points of li and each of the two
points of the B-tangents t1 and t2 through q. Therefore, we holdNi, j ∩ B′ ⊂ (t1 ∪ t2) ∩ B′.
By Corollary 3.3, t1 and t2 are also B′-tangents, we have |Ni, j ∩ B′| ≤ 2.
It remains to be shown that GB,B′,Ni, j = 1. Let {q ′} = B′ ∩ Ni, j . Then GB,B′,Ni, j ≤
GB,B′,q,q ′ . Now GB,B′,q,q ′ ≤ G p,q and so GB,B′,q,q ′ ≤ O2(G pq), since GB,B′ ' D8. Thus,
GB,B′,q,q ′ = 1. Since |0(B,B′)| = 18, we have |0(B′′) ∩ 0(21;B)| = 21·1842 = 9 for anyB′′ ∈ 0(B). 2
LEMMA 4.4. Let B′ ∈ 0(B). Then |0(B,B′)| = 8 and 0(B,B′) splits into two G-orbits of
size four. Furthermore, we have |0(B′) ∩ 0(56;B)| = 24.
PROOF. Again, B and B′ define a butterfly S with central pair (p, z). If N ∈ 0(B) with
N ∩ B = {p}, thenN and B′ share the two B-tangents through p and, therefore,N /∈ 0(B′).
Assume that p1 ∈ N ∩ B, p1 6= p, is on z. We can assume that z is not a N -line (otherwise
N /∈ 0(B′) follows immediately). Let z1 be the line in B ∩ N . Then z1 is a B′-tangent
through some point p′1 in N ∩ B′. Let now z′1 denote a line in N ∩ B′ through p′1. Thus,
z′1 is a B-tangent through some point q in B. We can assume that p′1 is the only point of z′1 inN ∩ B′, otherwiseN /∈ 0(B′). Then z′1 ∩ B is inN or z′1 ∩ B = {p}. Clearly, z′1 ∩ B 6= {p1},
so q = p. Denote by t1 and t2 the two B-tangents through p1. Therefore, the lines z1, t1 and
t2 are N -lines. Assume that ti is a B′-line. Then ti ∩ z = {p1} is a point in B′, which is
a contradiction. So t1 and t2 are also B′-tangents. Also, z′1 and t ′1, the B′-tangent through p′1
different from z1, are N -lines. Since N ∈ 0(B), these are B-tangents. Let p2 ∈ N such that
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p2 ∈ z1, p2 /∈ B ∪ B′. The remaining two N -lines s1 and s2 pass through p2. Again, since
N ∈ 0(B), s1 and s2 are B-tangents. Assume that s1 is a B′-line. Then |N ∩ B′| = 3 and s2
is a B′-line as well. Thereby, s1 ∩ s2 = {p2} is a point of B′, which is a contradiction. Thus,
we have N ∈ 0(B′). Since any Baer subplane is uniquely determined by a quadrangle, we
find thatN is determined by p1, z1 and z′1. Hence, we hold eight such subplanes in 0(B,B′).
Now GB,B′ ' Z4 acts transitively on the quadrangle B− z. Thus, GB,B′,N ≤ GB,B′,p1 ' Z2.
But the involution in GB,B′,p1 interchanges the two lines of B through p1 different from z.
This proves GB,B′,N = 1.
Assume now thatN ∈ 0(B),N ∩B = {q} with q /∈ z. Again, z1 denotes the unique B-line
inN ∩ B. Thus, z1 6= z and z1 is a B′-tangent through some point q ′. Since q ′ ∈ N , we have
q ′ 6= p. Assume that q ′ ∈ z. Then z ∩ z1 = {q ′} is in B, which is a contradiction. Let z′1 be a
line inN ∩ B′ through q ′. As above, we can assume that q ′ is the only point of z′1 inN ∩ B′
and it follows that p ∈ z′1. This proves p /∈ z1. Therefore, we hold the following N -lines:
z1, t1 and t2 (the two B-tangents through q), z′1 and t ′1 (the remaining B′-tangent through q ′).
The lines z′1 and t ′1 are again B-tangents since N ∈ 0(B). Since q /∈ z, we find ti ∩ z is
a point of B′ and at least one of t1 and t2 is a B′-tangent (otherwise t1 ∩ t2 is in B′). Let g
be one of the four B′-lines intersecting z in a point different from p. Then g is a B-tangent
through some point not on z. Since at least one of the B-tangents through such a point must
be a B′-tangent and there are eight of these lines, either t1 or t2 is a B′-line and N /∈ 0(B′).
Thus, |0(B,B′)| = 8 and 42−|0(B,B′)|− |0(B′)∩0(21;B)|− 1 = 42− 8− 9− 1 = 24.2
LEMMA 4.5. Let B′ ∈ 0(21;B). Then |0(B′) ∩ 0(21;B)| = 8. Moreover, GB,B′ has two
orbits of size four on 0(B′) ∩ 0(21;B).
PROOF. Again, B and B′ define a butterfly S with central pair (p, z). Set B ∩ B′ =
{p, p1, p2} and let z1 and z2 be the lines through p in B ∩ B′ different from z. Then the
remaining B′-lines are the two B-tangents through p1 and p2.
Let now L ∈ 0(21;B). Since any B-line contains at least one of the points p, p1 or p2, we
have that at least one of these points is in L ∩ B. If L ∈ 0(B′), then p, p1 or p2 is the only
point in L ∩ B′.
Assume p ∈ L ∩ B′. Since L ∈ 0(21;B), B and L define a butterfly S ′ with central
pair (p′, z′). If p = p′, then z, z1 and z2 are L-lines, hence, L /∈ 0(B′). Thus p 6= p′.
We can assume that p1, p2 /∈ L, otherwise L /∈ 0(B)′. Therefore, p′ 6= pi , i = 1, 2. Set
{q} = pp′ ∩ B − {p, p′}. Then q ∈ L. Then the L-lines are: pp′ = zi for exactly one i , the
lines pi p′ for i = 1, 2 (these are B′-tangents through pi ), and the two B-tangents through p
and through q . If t is any B-tangent through q, then t is also a B′-tangent. Thus, L ∈ 0(B′).
Assume that p1 ∈ L ∩ B′. Then we can further assume that p /∈ L. Again, let S ′ be the
butterfly defined by B and L and let (p′, z′) be its central pair. Assume first that p′ = p1.
Then the L-lines are: z, z′ and the three B-line through p1 (except for z these are B′-tangents),
and the two tangents through the two remaing points on z′ in B ∩L. Again, only z is a line in
L ∩ B′ and L ∈ 0(B′).
Thus, it remains to analyse the situation where p′ 6= p1. Then the L-lines are the three
B-lines through p′, namely pp′, p1 p′ = z′ and p2 p′, the two B-tangents t1 and t2 through
p1, and the two B tangents through z′ ∩ B − {p1, p′}. But t1 and t2 are also B′-lines, hence,
L /∈ 0(B′).
This shows that |0(B′) ∩ 0(21;B)| = 8.
The proof so far shows that there are at least two orbits of GB,B′ on 0(B′) ∩ 0(21;B). Let
L ∈ 0(B′) ∩ 0(21;B) with L ∩ B′ = {p}. Since GB,B′ is transitive on the four points in
B − z, we have |LGB,B′ | = 4. Let now L ∈ 0(B′) ∩ 0(21;B) with L ∩ B′ = {p1}. Then
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GB,B′,p1 ' Z22 still interchanges the two B-lines through p1 different from z. Again, we hold
that |LGB,B′ | = 4. 2
LEMMA 4.6. Let B′ ∈ 0(56;B). Then |0(B,B′)| = 18. Moreover, 0(B,B′) splits into six
orbits of size three.
PROOF. Let B′′ ∈ 0(B). Since d(0) = 2, we have |0(B′′) ∩ 0(56;B)|
= 41− |0(B′′) ∩ 0(B)| − |0(B′′) ∩ 0(21;B)| = 41− 8− 9 = 24, so |0(B,B′)| = 18. Let
P := B ∼ B′′ ∼ B′ be a path from B to B′. Then, G P = GB,B′ ∩ GB,B′′ ' Z4 ∩ Z3, hence
proving the lemma. 2
LEMMA 4.7. Let B′ ∈ 0(56;B), B′′ ∈ 0(21;B). Then |0(B′) ∩ 0(21;B)| = 6, |0(B′′) ∩
0(56;B)| = 16 and |0(B′) ∩ 0(56;B)| = 18. Moreover, 0(B′) ∩ 0(56;B) splits into six
orbits of size three and 0(B′) ∩ 0(21;B) splits into two orbits of size three.
PROOF. By the previous lemmas, we hold that |0(B′)∩0(21;B)| = 6, |0(B′′)∩0(56;B)|
= 16 and |0(B′) ∩ 0(56;B)| = 18. Assume a path B ∼ B1 ∼ B′ ∼ B2 with B2 ∈ 0(56;B).
Then |GB,B′,B2 | ∈ {1, 3}. If GB,B′,B2 = GB,B′ = GB,B2 , then B ∩ B′ = B ∩ B2, which
is a contradiction. So we have GB,B′,B2 = 1. Assume that B′ ∼ B′′. Then GB,B′,B′′ =
GB,B′ ∩ GB,B′′ ' Z3 ∩ D8 = 1, and the lemma is proved.
This proves Theorem 1.1. 2
5. ON THE COXETER GRAPH FOR PGL2(7)
The Coxeter graph 1 for PGL2(7) is defined as follows (see, e.g., [3, 12.3]). Let P =
PG(2, 2). The vertices of 1 are the antiflags of P , and two antiflags γ = (p, l) and δ =
(q,m) are said to be adjacent if and only if P = l ∪ m ∪ {p, q}. Then PGL2(7) acts flag-
transitively and distance-transitively on 1. Furthermore, d(1) = 4, and the valency of 1 is
three. Using the distance distribution diagram of 1 given in [3] or [5], one can see that 1
is a (9, 7, 10)-gon regarded as a geometry of rank two, where the points (resp. lines) are the
vertices (resp. edges) of1. It is the aim of this section to show that1 is the only (9, 7, 10)-gon
with orders one and two admitting PGL2(7) (and L2(7)) as a flag-transitive automorphism
group.†
LEMMA 5.1. Let 1 be the Coxeter graph for G ' PGL2(7). Let L = G ′ ' L3(2) and let
(v, e) be a flag of 1. Then L acts flag-transitively on 1. Furthermore, Gv ' D12, Ge ' D8,
Gv,e ' Z22, Lv ' S3, Le ' Z4 and Lv,e ' Z2.
PROOF. By definition of 1, we have exactly 28 vertices and 42 edges. Since there is only
one conjugacy class of subgroups of G of index 28, we hold that Gv ' D12. Now, |Ge| = 8
and |Gv,e| = 4. Therefore, since Gv,e ≤ Gv , we have Gv,e ' Z22 and consequently Ge ' D8.
The definition of 1 also shows that L acts transitively on the vertices of 1 and thus Lv ' S3,
since L has no elements of order six. Since Gv,e is not a subgroup of L , Ge is not a subgroup
of L . Thereby, |Le| = 4, and since L contains all squares of elements of G, Le ' Z4 and
Lv,e ' Z2. Clearly, the element of order three in Lv acts transitively on the edges through v,
proving that L is a flag-transitive automorphism group of 1. 2
†Note that the notation of [5] differs from the notation used in this paper. In [5], diagrams of rank-two geometries are
written as (g, d∗, d)-gons. Since then the notation has been changed. Nowadays, the notation of (d∗, g, d)-gons, as
given in [6], is the usual one.
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LEMMA 5.2. Let G and L be as above. Then the amalgams D12 ∗Z22 D8 in G and S3 ∗Z2 Z4
in L are unique up to conjugacy.
PROOF. Let L0 ' S3 be a subgroup of L and denote by d an element of order three and by
i j ( j = 1, 2, 3) the involutions of L0. Then d conjugates the three centralizers CL(i j ) ' D8
in a cycle of size three, thus, it conjugates the three subgroups isomorphic Z4 in the same way.
This proves the uniqueness of S3 ∗Z2 Z4 in L , since L has a single conjugacy class of groups
isomorphic to S3. The same argument can be applied for D12 ∗Z22 D8 in G, using the fact that
the subgroup D8 of the amalgam must be a subgroup containing an outer involution and that
CG(i j ) ' D16 contains exactly one such subgroup. 2
THEOREM 5.3. Let 6 be a finite and connected graph of valency three admitting G '
PGL2(7) as a flag-transitive group of automorphisms. Assume that 6 is a (9, 7, 10)-gon
regarded as a rank-two geometry. Then 6 ' 1, and L := G ′ also acts flag-transitively on 6.
PROOF. Denote by 6i (v) the vertices of 6 at distance i from a given vertex v. Since 6
admits a flag-transitive automorphism group, |6i (v)| does not depend on v. Choosing any
vertex v, we hold |61(v)| = 3, |62(v)| = 6 and |63(v)| = 12, since the shortest cycles of
6 have length seven. This shows that 6 has more than 22 vertices. The flag-transitivity of G
shows that |Gv| is divisible by three. Combining these two results, we get Gv is contained in
a maximal subgroup of G isomorphic to D12. Let S be the rank-two geometry defined by 6.
Since the point diameter of S is nine, the elements of S at maximal distance from v are edges.
This shows that d(6) = 4. By flag-transitivity, any vertex is on a shortest cycle. Therefore, at
least two vertices in 63(v) are joined by an edge. Then we can estimate the number |64(v)|
to be at most 10 · 2 + 2 = 22. This shows that 6 has at most 44 vertices and, since Gv is
a subgroup of D12, that 6 has exactly 28 vertices and Gv ' D12. Then 6 has 28·32 = 42
edges. Thereby, |Ge| = 8 and |Gv,e| = 4 for an edge e through v. Thus, Gv,e ' Z22 and
therefore Ge ' D8 containing an involution outside L . Moreover, Lv = Gv ∩ L ' S3,
Le = Gv ∩ L ' Z4 and Lv,e ' Z2. By Lemma 5.2, the assertion follows. 2
LEMMA 5.4. Let L ' L3(2). Then the amalgam S3 ∗Z2 Z22 in L leads to a disconnected
geometry.
PROOF. Let L0 ' S3 be a subgroup of L . Then L0 fixes an antiflag (q, l) of P = PG(2, 2)
and its complement D := {p1, p2, p3}, which is a triangle. Set {qi } := p j pk − {p j , pk},
{i, j, k} = {1, 2, 3}. Then l consists of the points qi . Let i ∈ L0 be the involution fixing p1.
Therefore, i fixes the set l1 := {q, p1, q1} pointwise. Since all involutions in L are conjugate, i
is contained in a translation group, proving that l1 is a line in P . Then the third line l2 through
q1 is also fixed by i . Let j be an involution in L with [i, j] = 1. Then 〈i, j〉 is a translation
group or the dual of a translation group, hence, j has either the same fixed points or the same
fixed lines as i . Therefore, 〈L0, j〉 = Lq ' S4 or 〈L0, j〉 = Ll ' S4. 2
THEOREM 5.5. Let 6 be a finite and connected graph of valency three admitting L '
L2(7) as a flag-transitive group of automorphisms. Assume that6 is a (9, 7, 10)-gon regarded
as a rank-two geometry. Then 6 ' 1.
PROOF. Using the estimation of vertices of 6 as in the proof of Theorem 5.3, we hold that
6 has exactly 28 vertices and 42 edges, and Lv ' S3 for any vertex v. Moreover, |Le| = 4
for an edge e of 6 through v and Lv,e ' Z2. The assertion follows using the previous lemma
and Lemma 5.2. 2
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6. THE CONSTRUCTION OF THE BUEKENHOUT GEOMETRY
Again, C is a G-orbit on Baer subplanes in P . By [16], there exists a G-orbit H on hyper-
ovals such that |B ∩ H| is odd for all B ∈ C and H ∈ H. Let U be a unital in P . Then
GU ' Z23 : Q8. As in Section 2.3, the complement of U in P splits into four triangles defined
by the parallel classes in U . The union of any two of these triangles is a hyperoval. We choose
two triangles D1 and D2 of these such that H1 := D1 ∪ D2 ∈ H. Let H := GU ∩ GH1 .
Then H ' Z23 : Z4 acts transitively on H1. Set H2 := P − (U ∪ H1). Then H2 ∈ H sinceH1 ∩H2 = ∅. We define
B := {B ∈ C : B ∩ H1 = Di , i ∈ {1, 2}}.
LEMMA 6.1. GB = H, and H acts transitively on B. For B ∈ B, we have HB ' S3.
PROOF. GU contains a unique subgroup H¯ ' Z23 : Z2. Thus, H¯ fixes all four triangles
setwise, especially Di H¯ = Di for i ∈ {1, 2} and GDi = H¯ (see, e.g., [11]). Moreover, H
acts transitively on H1, hence, D1 H = {D1,D2} and H ≤ GB. Since G acts transitively on
the set of triangles in P , we have 120·281120 = 3 members of C through Di . This yields |B| = 6.
Clearly, HB = GB,Di ' S3 for any B ∈ B, and H acts transitively on B. Let M be a maximal
subgroup of G containing H . Then M = GU or M = GHi ' A6 for i ∈ {1, 2}, and H is
maximal in M . Since GDi = H¯ , |Di GU | = 4 and GU does not stabilize B. Now GH2 acts
transitively on the complement of H2 in P , thus GB 6= GH2 . Finally, GH1 acts 4-transitively
onH1 proving that GB = H . 2
LEMMA 6.2. There exists a unitary polarity i of P such that i induces a polarity on every
subplane B ∈ B.
PROOF. Let U be the unital as in the definition of B and let i be the (unique) unitary polarity
such that [GU , i] = 1. Let B ∈ B such that B ∩H1 =: {p1, p2, p3}. Denote by qi the third
point of B on p j pk , where {i, j, k} = {1, 2, 3}. Then l = q1q2 = q2q3 = q1q3 is a line in
U and so its remaining points are on H2. Since H2 ∩ B contains an odd number of points,
the remaining point q of B is on H2. Therefore, the lines q j p j of B contain q and thus they
are tangents of U through q j (they all contain the point p j of H1). Hence q j i = p j q j . This
implies that, since {q} = q1 p1 ∩ q2 p2, qi = q1q2 = l. Thus, we have a configuration of
four points of B and four B-lines forming a so-called near pencil, which is selfdual under i .
By [16], there are 28 elements of any G-orbit of subplanes different from BG intersecting B
in such a near pencil. Since near pencils of B correspond bijectively to its triangles, it is easy
to calculate that there are exactly three Baer subplanes, one in each orbit through a given near
pencil. Using the fact that GiB ∼G GB (see, e.g., [9]), we get that i induces a polarity of B. 2
LEMMA 6.3. 0 induces a dual 3× 3-grid on B, on which H acts flag-transitively.
PROOF. Let Bi ∈ B, with Bi ∩ H1 = Di , i ∈ {1, 2}. Since B1,B2 ∈ C, we have
|B1 ∩ B2| ∈ {1, 3}. If |B1 ∩ B2| = 3, then B1 ∩ B2 ∩ U contains at least two points p1 and p2.
Let now 〈x〉 be a complement of O3(H) in H such that B1x = B2. Therefore, p1 p2x = p1 p2.
But x interchanges parallel classes of U , which is a contradiction. So |B1 ∩ B2| = 1. Define a
point-line geometry 1 as follows: Points (resp. lines) of 1 are the elements of B intersecting
H1 in D1 (resp. in D2). A point of1 is incident with a line if its intersection contains a single
point of P . Then 1 is a digon. Obviously, x is an automorphism of the incidence graph of 1,
which itself is a subgraph of 0, hence proving the lemma. 2
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Set G(0) to be the following geometry of rank three. The points of G(0) are the elements
of C, the lines are the wings defined by C and the planes are the 560 sets in BG with natural
incidence. One easily computes that the residue of a wing in G(0) is a digon containing each
two points and planes. For a plane of G(0), the residue is a dual 3 × 3-grid by the previous
lemma. Thereby, we have 560·6120 = 28 planes of G(0) incident with a point B.
Let now G ' L3(4) and F := {B,W,B} be a chamber of G(0), then GB ' L2(7),
GW ' Q8 and GB ' Z23 : Z4. Furthermore, GB,W ' Z4, GB,B ' S3, GW,B ' Z4 and
G F ' Z2. Therefore, G acts flag-transitively on G(0), and G(0) is residually connected. By
the previous section, the residue of a point of G(0) is isomorphic to the dual of the Coxeter
graph. So G(0) has the following Buekenhout diagram:
◦ ◦ ◦10 7 9
1 2 1
LEMMA 6.4. Let i be a unitary polarity of P . Set A := 〈G, i〉. Then A is a flag-transitive
automorphism group of both 0 and G(0). If F := {B,W,B} is a chamber of G(0), then
AB ' PGL2(7), AW ' Q8 ∗ Z4, AB ' (Z23 : Z4) × Z2, AB,W ' D8, AB,B ' D12,
AW,B ' Z4 × Z2 and AF ' Z22.
PROOF. Let i be a unitary polarity of P and let U be the unital such that [i,GU ] = 1. Then
CG(i) = GU . Let B be a point of 0 such that 〈GB, i〉 ' PGL2(7). Then i |B is a polarity of
B. Using Theorem 2.1, the image of any subplane intersecting B in only one point is again a
subplane intersecting B in a single point. Thus, A is an automorphism group of 0. Since GB
is transitive on 0(B), there exists a wingW such that i fixesW . By Lemma 6.2, we hold that
A is an automorphism group of G(0). If F := {B,W,B} is a chamber of G(0) with i ∈ AF ,
then [GB, i] 6= 1, so AB ' PGL2(7). By Theorem 5.3, we have AB,B ' Z2 × S3 ' D12,
AB,W ' D8 and AF ' Z22. By construction, AB ' (Z23 : Z4) × Z2 because Z23 : Q8 has
no subgroup of index six and cannot act on a dual 3 × 3-grid. So AW,B ' Z4 × Z2 and,
consequently, AW ' Q8 ∗ Z4. 2
Now we are in a position to prove Theorem 1.2.
THEOREM 6.5. Let G be a geometry on which G or A act as flag-transitive automorphism
groups. Assume that G has the following diagram:
◦ ◦ ◦10 7 9
1 2 1
Suppose that G has 120 points. Then G ' G(0).
PROOF. Let p be a point, l be a line and e be a plane of G such that F = {p, l, e} is a
chamber. Then |G : G p| = |A : Ap| = 120 and, therefore, G p ' L2(7) and Ap ' PGL2(7)
because G and A have no other subgroups of that index. By Theorem 5.3 and Theorem 5.5,
Gp is isomorphic to the dual of the Coxeter graph. Thus, G p,l ' Z4, G p,e ' S3, G F ' Z2,
Ap,l ' D8, Ap,e ' D12 and AF ' Z22. Counting the point-plane flags shows that we have
120·28
6 planes in G. This shows that for a plane e we find |Ge| = 36 and |Ae| = 72 acting
flag-transitively on a dual 3 × 3-grid. Therefore, Ge (resp. Ae) contains a Sylow-3 subgroup
of G (resp. A). If M is a maximal subgroup of G (resp. A) containing Ge (resp. Ae), then M
is isomorphic to Z23 : Q8 or A6 (resp. (Z23 : Q8)×Z2 or M10). This implies Ge ' Z23 : Z4 and
Ae ' (Z23 : Z4)× Z2, since Z23 : Q8 has no subgroup of index six. Therefore, Gl,e ' Z4 and
Al,e ' Z2 × Z4. Counting the point-line flags, we hold that |Gl | = 8 and |Al | = 16. Conse-
quently, we find that Gl ' Q8 and Al ' Q8 ∗Z4. Assume now that G is a geometry as above
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and let A act flag-transitively on G. The determination of the amalgams show the following:
For L := A′ and any flag F of G we have |A f : A f ∩ L| = 2. This shows that whenever
we have a geometry as above with A acting flag-transitively on G, then L ' G is already a
flag-transitive automorphism group of G. Therefore, we restrict our considerations to G.
As we have seen above, the points of G correspond bijectively to a G-orbit (resp. an A-orbit)
of Baer subplanes. For a point p of G, denote by Bp the subplane fixed by G p (resp. Ap). We
define a map α by pα := Bp, and shall see that α is an isomorphism between G and a copy of
G(0). Define also a relation on BpG by Bp ∼ Bq :⇔ p and q are collinear in G. Since G p is
transitive on the lines of G incident with p, we hold that G p is transitive on the points collinear
to p and, therefore, it acts transitively on the subplanes Bq ∼ Bp. From this it is easy to see
that the collinearity graph of G is isomorphic to 0. Let B := eα. Then GB ' Z23 : Z4. More-
over, Ge,p,q ' Z2 if and only if q ∈ e is collinear to p and Ge,p,q ' Z3 if and only if p and q
are non-collinear. Let q1 and q2 be the two points of e non-collinear to p. Then GB,Bp,Bqi '
Z3, hence, Bqi ∩ Bp is a triangleDi . Since GB,Bp,Bq1 = GB,Bp,Bq2 , we hold thatD1 = D2 =:D. In the same way we hold a triangleD′ determined by the subplanes Bq ∈ B with Bq ∼ Bp.
Since e is connected, we have that Bq ∩ Bq ′ contains only one point of PG(2, 4) for all q ∈ e
collinear with p and all q ′ ∈ e non-collinear with p and, thus, |D∪D′| ∈ {5, 6}. Now, GB acts
flag-transitively on e and induces, therefore, an involution on the set {D,D′}. The set D ∪D′
is especially invariant under GB. Let q ∈ e such that Bq ∩ Bp = D. Then GB,Bq ,Bp acts
transively onD. Therefore, GB acts transitively onD∪D′, hence,D∩D′ = ∅. Now, every sub-
group isomorphic toZ23 : Z4 of G is contained in the stabilizer of a unital U and in two stabiliz-
ers of hyperovals being the complement of U . Thus, since such a subgroup is transitive on the
points of U , any of its orbit of length six on the points of PG(2, 4) is a hyperoval. This proves
that D ∪D′ is a hyperoval and α is indeed an isomorphism between G and a copy of G(0).2
COROLLARY 6.6. AutG ' A.
PROOF. As we have seen in the proof of Theorem 6.5, any plane of G corresponds to a
hyperoval of PG(2, 4) via the map α, which itself consists of the two triangles D and D′
defined by e. We define the following equivalence relation on the set of planes of G: e1 ∼ e2
if and only if e1 and e2 correspond to the same hyperoval. Via α, one easily sees that the
equivalence classes of ∼ can be regarded as the hyperovals of one G-orbit. Moreover, any
automorphism of G fixes these equivalence classes, thus, we can recover the Gewirtz graph
(see Section 2.4) from G. Let j be a Baer involution fixing a point of G (via α). Then j fuses
the two G-orbits of hyperovals intersecting any subplane pα in an odd number of points. This
shows that j is no automorphism of G, hence, AutG ' A. 2
REMARK. The assumption that G and A are flag-transitive automorphism groups of the
geometry G is necessary since the universal cover of G is infinite, as given by Ronan [13].
7. CONCLUDING REMARKS
(a) In [8], Buekenhout, Dehon and Leemans introduce the following property. For a geom-
etry 1 with a flag-transive group G ≤ Aut1, the pair (1,G) is said to be residually weakly
primitive (RWPRI) if for any flag F the stabilizer G F acts primitively on the elements of
some type in the residue 1F . One readily verifies this condition for (G(0), A) using the cor-
responding amalgam with completion A as in Lemma 6.4. In the same way, it is easy to see
that (RWPRI) fails for the pair (G(0),G).
(b) In Buekenhout’s catalogue [6], questions on certain properties of G(0) remain open.
It is asked whether this geometry fulfills the maximality property (MX), that is, whether any
On the geometry of Baer subplanes in PG(2, 4) 911
maximal parabolic of the geometry is contained in a unique maximal subgroup of A (resp. of
G). Since the plane stabilizer in G is Z23 : Z4, which is contained in a unital stabilizer and
a hyperoval stabilizer, (G(0),G) does not fulfill (MX). We shall see that (MX) is fulfilled
for (G(0), A). The point stabilizer AB ' PGL2(7) is itself a maximal subgroup of A. Let
H be a subgroup of A with H ∩ G ' A6 a hyperoval stabilizer. Then H ' M10, which
does not contain a subgroup (Z23 : Z4) × Z2. Let Ae be a plane stabilizer of G(0) and let i
denote its central involution. Since 9 divides into |Ae|, CA(i) is the only maximal subgroup
of A containing Ae. If Al ' Q8 ∗ Z4 is the stabilizer in A of the line l, then any maximal
subgroup of A containing Ae has an order divisible by 24 and is different from G. The groups
(Z23 : Q8) × Z2, M10 and PGL2(7) have Sylow-2 subgroups Q8 × Z2, 0L1(9) and D16,
respectively. Therefore, Al is only contained in the stabilizer of a flag in the projective plane
P . Now, l is a wing W of a butterfly S in P with central pair (p, z). Clearly, Al stabilizes
(p, z). But Al interchanges the two subplanes of W and the two subplanes of the opposite
wing of S. This proves that no other flag of P is fixed by Al and therefore, (MX) is fulfilled
by (G(0), A).
(c) The condition (SN) in [6] requires that any maximal set C of pairwise collinear points
of a geometry 1 is a singular subspace (in the usual sense) and there exists a flag F of 1
such that C is the point set of 1F . The definition of a line in [6] differs from our concept of
lines as objects of the ‘middle’ type of the diagram D. But since D is linear, both concepts
coincide with G(0). In Lemma 4.4 we have seen that 0 has triangles. Thus, any maximal set
C of pairwise collinear points of G(0) contains triangles. Therefore, any flag F containing C
as incident points must be a plane. Since a plane is a dual grid which contains no triangles,
(SN) is not fulfilled.
(d) In [6], the condition (AP) asks for the existence of so-called regular apartments and that
there exists an automorphism group acting transitively on these apartments. Moreover, it is
required that this condition also holds residually. A regular apartment is a subgeometry A
of a geometry 1 with the same thin diagram on which its stabilizer N acts transitively on
the maximal flags. Assume that G(0) has regular apartments and let A be such an apartment.
Then the Buekenhout diagram of A is the following:
◦ ◦ ◦7
1 1 1Since the condition (AP) must hold in the residues as well, the stabilizer of a point in A con-
tains a subgroup D14 (this implies that the pair (G(0),G) cannot fulfill (AP)). Now any max-
imal subgroup of A with order divisible by seven is isomorphic to PGL2(7). By Lemma 6.4,
AF ' Z22 for any chamber F of G(0). This implies that AA ' PGL2(7) and the stabilizer of
a point in A is isomorphic to D14. So AA acts regularly on the maximal flags of A. By this,
we have Al ∩ AA ' Z22 for any line l ∈ A. Now, Al ' Q8 ∗ Z4, and any subgroup Z22 of Al
contains the central involution. This involution is also contained in AF ∩ G and is, therefore,
fixing the residue of l elementwise, which is a contradiction. So (G(0), A) cannot fulfill (AP).
This implies also that the geometry (102) in [6] for the O’Nan group does not fulfill (AP).
(e) The weak Moufang property (MF) is defined in [6] as follows. Let R be a rank-two
residue of a geometry1. Denote by K the parabolic subgroup of G induced on R. By P(Kx )
we denote the subgroup of K fixing Rx (the residue of x in R) elementwise. Then, for every
x in R and y in Rx , P(Kx ) is transitive on Ry − x . This condition is denoted to be true for the
PGL2(7)-residue of G(0) in [6]. Since the line-residue in G(0) is thin, (MF) holds trivially
in that residue. Therefore, let R be a dual 3× 3-grid and let H ' Z23 : Z4 act flag-transitively
on R. Then the stabilizer of a point x in R is isomorphic to S3 and the stabilizer of a line y
is Z4. The Borel subgroup is Z2. Thus, B is still acting on the two lines in Rx − y. From this
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it is easy to deduce the (MF) holds in R, since the residue of a line simply contains only two
points.
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